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Abstract
We show that the field Q(x, y), generated by two singular moduli x
and y, is generated by their sum x+ y, unless x and y are conjugate
over Q, in which case x+ y generates a subfield of degree at most 2. We
obtain a similar result for the product of two singular moduli.
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1 Introduction
A singular modulus is the j-invariant of an elliptic curve with complex multi-
plication. Given a singular modulus x we denote by ∆x the discriminant of the
associated imaginary quadratic order. We denote by h(∆) the class number of
the imaginary quadratic order of discriminant ∆. Recall that two singular mod-
uli x and y are conjugate over Q if and only if ∆x = ∆y, and that all singular
moduli of a given discriminant ∆ form a full Galois orbit over Q. In particular,
[Q(x) : Q] = h(∆x). For all details, see, for instance, [6, §7 and §11]
Starting from the ground-breaking article of Andre´ [2] equations involving
singular moduli were studied by many authors, see [1, 4, 8] for a historical
account and further references. In particular, Ku¨hne [7] proved that equation
x+ y = 1 has no solutions in singular moduli x and y, and Bilu et al [5] proved
the same for the equation xy = 1. These results where generalized in [1] and [4].
Theorem 1.1 [1, 4] Let x and y be singular moduli such that x+ y ∈ Q or
xy ∈ Q×. Then either h(∆x) = h(∆y) = 1 or∆x = ∆y and h(∆x) = h(∆y) = 2.
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Here the statement about x+ y is (a special case of) Theorem 1.2 from [1], and
the statement about xy is Theorem 1.1 from [4].
Note that lists of all imaginary quadratic discriminants ∆ with h(∆) ≤ 2 are
widely available, so Theorem 1.1 is fully explicit.
In view of Theorem 1.1 one may ask the following question: how much does
the number field generated by the sum x+ y or the product xy of two singular
moduli differ from the field Q(x, y)? The objective of this note is to show
that the fields Q(x+ y) and Q(xy) (provided xy 6= 0) are subfields of Q(x, y) of
degree at most 2, and in “most cases” each of x+ y and xy generates Q(x, y).
Here are our principal results.
Theorem 1.2 Let x and y be singular moduli. Then Q(x+ y) = Q(x, y) if
∆x 6= ∆y , and [Q(x, y) : Q(x+ y)] ≤ 2 if ∆x = ∆y.
Theorem 1.3 Let x and y be non-zero singular moduli. Then Q(xy) = Q(x, y)
if ∆x 6= ∆y, and [Q(x, y) : Q(xy)] ≤ 2 if ∆x = ∆y.
Both the “sum” and the “product” statements of Theorem 1.1 are very
special cases of these two theorems.
Note that in the case ∆x = ∆y, the statements [Q(x, y) : Q(x+ y)] ≤ 2 and
[Q(x, y) : Q(xy)] ≤ 2 are best possible: one cannot expect that x+ y or xy
always generates Q(x, y) in this case. Indeed, for instance, when x is a non-real
singular modulus and y = x¯ is the complex conjugate of x, then neither x+ y
nor xy generates Q(x, y).
Theorems 1.2 and 1.3 are proved, respectively, in Sections 4 and 5 after some
preparations in Section 2 and 3.
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2 Preliminaries
Everywhere below the letter ∆ stands for an imaginary quadratic discriminant,
that is, ∆ < 0 and satisfies ∆ ≡ 0, 1 mod 4. The letter D will denote a funda-
mental discriminant; that is, in addition to the two conditions imposed on ∆,
when D ≡ 0 mod 4 we have D/4 ≡ 2, 3 mod 4.
We denote by O∆ the imaginary quadratic order of discriminant ∆, that is,
O∆ = Z[(∆ +
√
∆)/2]. Then ∆ = Df2, where D is discriminant of the number
field K = Q(
√
∆) and f = [OD : O∆] is the conductor.
We denote by C(∆) and by h(∆) the class group and the class number of O∆,
so that h(∆) = #C(∆).
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Given a singular modulus x, we write ∆x = Dxf
2
x with Dx the fundamental
discriminant and fx the conductor. We denote by τx the only τ is the stan-
dard fundamental domain such that j(τ) = x. Further, we denote by Kx the
associated imaginary quadratic field:
Kx = Q(τx) = Q(
√
Dx) = Q(
√
∆x).
Recall the following basic properties.
• The singular moduli of discriminant ∆ form a full Galois orbit over Q and
over Q(
√
∆) as well. In particular, singular moduli x and y are conjugate
over Q if and only if ∆x = ∆y.
• There is a one-to-one correspondence between the singular moduli of
discriminant ∆ and the set T∆ of triples (a, b, c) of integers satisfying
b2 − 4ac = ∆ and some other conditions; see, for instance, [4, Proposi-
tion 2.5]. If (a, b, c) ∈ T∆ then (b+
√
∆)/2 belongs to the standard funda-
mental domain, and the corresponding singular modulus is j((b+
√
∆)/2a).
• We say that a singular modulus is dominant if in the corresponding triple
(a, b, c) we have a = 1, and subdominant if a = 2. There exists exactly
one dominant and at most two subdominant singular moduli of a given
discriminant ∆, see [4, Proposition 2.6].
We will systematically use the inequality∣∣|j(z)| − e2piImz∣∣ ≤ 2079,
[5, Lemma 1], which holds true for every z in the standard fundamental domain.
In particular, if x is a singular modulus of discriminant ∆ corresponding to the
triple (a, b, c) ∈ T∆ then ∣∣|x| − epi|∆x|1/2/a∣∣ ≤ 2079.
3 Fields generated by singular moduli
Let G be a finite group. We say that G is a group of dihedral type if there exists
an abelian subgroup H < G of index 2 and an element ι ∈ G of order 2 such
that for any g ∈ H we have ιgι = g−1. We call the couple (H, ι) the dihedral
structure on G.
Note that a group of dihedral type may be abelian; in this case it is 2-
elementary (that is, isomorphic to Z/2Z× · · · × Z/2Z).
The following simple lemma can be found in [3], where it is credited to
Lenstra. Since the article [3] did not appear yet, we include a short proof for
the reader’s convenience.
Lemma 3.1 Let G be a non-abelian group of dihedral type with dihedral struc-
ture (H, ι). Then H is generated by all elements of G of order > 2. In particu-
lar, H is unique: if (H ′, ι′) is another dihedral structures on G, then H = H ′.
3
Proof Note first of all G does contain elements of order > 2 because it is not
abelian. All of them must belong to H , because every element of GrH is of
the form ιh with h ∈ H; hence it is of order 2. It remains to show that every
element of H of order 2 is product of two elements of bigger order. Let k ∈ H
be of order > 2 and let h ∈ H be of order 2. Since H is abelian, kh is also of
order > 2. Writing h = k−1 · kh, we are done. 
Now let x be a singular modulus. We write ∆ = ∆x andK = Kx. It is known
that the field K(x) is Galois over Q. Set G = Gal(K(x)/Q), H = Gal(K(x)/K)
and let ι ∈ G be the complex conjugation. It is known that H is isomorphic to
C(∆).
The following is well-known: see, for instance [6, Lemma 9.3] and [1, Corol-
lary 3.3].
Proposition 3.2 The group G is of dihedral type, with dihedral structure
(H, ι). Furthermore, the following properties are equivalent.
1. The group G is abelian.
2. The group H is 2-elementary.
3. The group G is 2-elementary.
4. The field Q(x) is Galois over Q.
5. The field Q(x) is abelian over Q.
Corollary 3.3 Let x, x′, y, y′ be singular moduli. Assume that
∆x = ∆x′ , ∆y = ∆y′ , Dx 6= Dy.
Assume further that Q(x, x′) = Q(y, y′). Then Q(x) = Q(y).
Proof If Q(x) is Galois over Q then Q(x, x′) = Q(x) and Gal(Q(x)/Q) is 2-
elementary by Proposition 3.2. Then Gal(Q(y, y′)/Q) is 2-elementary as well,
which implies that Q(y) is Galois over Q, which implies that Q(y) = Q(y, y′).
Hence Q(x) = Q(y).
Now assume that Q(x) is not Galois over Q. We will see that this leads to
a contradiction. Since Kx(x) is Galois over Q and [Kx(x) : Q(x)] ≤ 2, the field
Kx(x) is the Galois closure of Q(x) over Q.
Denote by L the Galois closure of Q(x, x′) over Q. Since
Q(x) ⊂ Q(x, x′) ⊂ Kx(x),
we have L = Kx(x). Since Q(x, x
′) = Q(y, y′), we have similarly L = Ky(y).
Set Hx = Gal(L/Kx) and Hy = Gal(L/Ky), and let ι be the complex con-
jugation. Then (Hx, ι) and (Hy, ι) are dihedral structures in G = Gal(L/Q).
Proposition 3.2 implies that G is not abelian, and Lemma 3.1 implies that
Hx = Hy. Hence Kx = Ky, contradicting the assumption Dx 6= Dy. The proof
is complete. 
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4 Proof of Theorem 1.2
Let x and y be singular moduli. We want to show that Q(x, y) = Q(x+ y) if
∆x 6= ∆y and [Q(x, y) : Q(x+ y)] ≤ 2 if ∆x = ∆y. We may clearly assume that
x 6= y. In this case we will prove the following more general statement.
Theorem 4.1 Let x and y be distinct singular moduli and ε ∈ {±1}. Then
Q(x, y) = Q(x+ εy), unless ε = 1 and ∆x = ∆y, in which case we have
[Q(x, y) : Q(x+ y)] ≤ 2.
Let L be the Galois closure of Q(x, y) over Q. Set
G = Gal(L/Q(x+ εy)), H = Gal(L/Q(x, y)).
Note that
H = {σ ∈ G : xσ = x} = {σ ∈ G : yσ = y}.
We want to show that G = H, unless
∆x = ∆y, ε = 1, (1)
in which case [G : H ] ≤ 2.
4.1 Equal discriminants
We start from the case ∆x = ∆y = ∆. We may assume that x is dominant and y
is not (recall that x 6= y. It follows that
|x| ≥ epi|∆|1/2 − 2079, |y| ≤ epi|∆|1/2/2 + 2079.
and
|x+ εy| ≥ epi|∆|1/2 − epi|∆|1/2/2 − 4158. (2)
4.1.1 The case ε = 1
Assume that ε = 1 and let us prove that [G : H ] ≤ 2. If [G : H ] > 2 then there
exists σ ∈ G such that xσ 6= x and xσ 6= y. Since x+ y = xσ + yσ by the defini-
tion of the group G, we also have yσ 6= x. Thus, neither xσ nor yσ is dominant.
It follows that
|xσ| ≤ epi|∆|1/2/2 + 2079, |yσ| ≤ epi|∆|1/2/2 + 2079,
and
|x+ y| = |xσ + yσ| ≤ 2epi|∆|1/2/2 + 4158. (3)
This contradicts (2) when |∆| ≥ 9, and for |∆| ≤ 8 we have h(∆) = 1, and so
G = H is a trivial group.
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4.1.2 The case ε = −1
Now assume that ε = −1 and let us prove that G = H . If G 6= H then there
exist σ ∈ G such that xσ 6= x. Then yσ 6= x either; in the opposite case we
would have 2x = xσ + y, which is impossible, since x is dominant, but xσ and y
are not. Thus, neither xσ nor yσ is dominant, and we again obtain (3), which
together with (2) implies that |∆| ≤ 8, in which case G = H is a trivial group.
4.2 Equal fundamental discriminants
Now let us assume that Dx = Dy = D, but fx 6= fy. We may assume that
fx > fy and that x is dominant.
Since fx > fy we have fx ≥ fy + 1, and
|∆y|1/2 = |D|1/2fy ≤ |D|1/2fx − |D|1/2 ≤ |∆x|1/2 −
√
3.
Hence
|x| ≥ epi|∆x|1/2 − 2079, |y| ≤ epi|∆x|1/2−pi
√
3 + 2079 ≤ 0.01epi|∆x|1/2 + 2079
and
|x+ εy| ≥ 0.99epi|∆x|1/2 − 4158. (4)
Now let us assume that H 6= G. Then there exists σ ∈ G such that xσ 6= x;
in particular, xσ is not dominant, and we have
|xσ| ≤ epi|∆x|1/2/2−2079, |yσ| ≤ epi|∆x|1/2−pi
√
3+2079 ≤ 0.01epi|∆x|1/2+2079.
Therefore
|x+ εy| = |xσ + yσ| ≤ 0.01epi|∆x|1/2 + epi|∆x|1/2/2 + 4158.
This contradicts (4) when |∆x| ≥ 9, and for |∆x| ≤ 8 the group G = H is trivial.
4.3 Distinct fundamental discriminants
Now assume that Dx 6= Dy. If G 6= H then there exists σ ∈ G such that xσ 6= x.
For such σ we have x− xσ = ε(yσ − y). In particular, Q(x− xσ) = Q(y − yσ).
As we have seen in Subsection 4.1, Q(x− xσ) = Q(x, xσ). Similarly,
Q(y − yσ) = Q(y, yσ). We obtain Q(x, xσ) = Q(y, yσ).
Now Corollary 3.3 implies that Q(x) = Q(y). Hence that our ∆x and ∆y are
listed in Table 2 on page 12 of [1]. For these values of ∆x and ∆y the statement
can be verified directly using PARI [9].
5 Proof of Theorem 1.3
It is rather similar to the proof of Theorem 1.2, though technically a bit more
complicated. Let x and y be non-zero singular moduli. We want to show
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that Q(x, y) = Q(xy) if ∆x 6= ∆y and [Q(x, y) : Q(xy)] ≤ 2 if ∆x = ∆y. Since
Q(x2) = Q(x) [8, Lemma 2.6], we may assume that x 6= y. In this case we will
prove the following more general statement.
Theorem 5.1 Let x and y be distinct non-zero singular moduli and ε ∈ {±1}.
Then Q(x, y) = Q(xyε), unless ε = 1 and ∆x = ∆y, in which case we have
[Q(x, y) : Q(xy)] ≤ 2.
We again denote by L the Galois closure of Q(x, y) over Q, and we set
G = Gal(L/Q(xyε)), H = Gal(L/Q(x, y)).
We want to show that G = H, unless (1) holds, in which case [G : H ] ≤ 2.
5.1 Equal discriminants
We again start from the case ∆x = ∆y = ∆. We may assume that x is dominant
and y is not.
5.1.1 The case ε = 1
Assume first that ε = 1 and let us prove that [G : H ] ≤ 2. We have the lower
bound
|xy| ≥ 3000epi|∆|1/2 min{10−8, |∆|−3}, (5)
see [4], equation (12). If [G : H ] > 2 then there exists σ ∈ G such that xσ 6= x
and xσ 6= y. Since xy = xσyσ by the definition of G, we also have yσ 6= x. Thus,
neither xσ nor yσ is dominant.
Now we have two cases. If one of xσ , yσ is not subdominant then we have
the upper bound
|xy| = |xσyσ| ≤ (epi|∆|1/2/2 + 2079)(epi|∆|1/2/3 + 2079), (6)
which contradicts (5) when |∆| ≥ 396.
Now assume that both xσ and yσ are subdominant. Then from [4, Proposi-
tion 2.6], we have that ∆ = 1 mod 8 and
{τxσ , τyσ} =
{
−1 +
√
∆
4
,
1 +
√
∆
4
}
.
In particular, τxσ − τyσ = ±1/2, which implies that (xσ , yσ) is a point on the
modular curve Y0(4), defined by the equation Φ4(X,Y ) = 0, where Φ4 is the
classical modular polynomial of level 4. Since Φ4 has coefficients in Q, the point
(x, y) must also belong to this curve. But we have
Φ4(X, j(τ)) =
(
X − j
(τ
4
))(
X − j
(
τ + 1
4
))(
X − j
(
τ + 2
4
))
×(
X − j
(
τ + 3
4
))
(X − j(4τ))
(
X − j
(
τ +
1
2
))
.
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Since τx = (1 +
√
∆)/2, we must have τy = (b+
√
∆)/8 with some b. This shows
that in this case we have a sharper, than (5) lower bound
|xy| ≥ (epi|∆|1/2 − 2079)(epi|∆|1/2/4 − 2079). (7)
We also have the upper bound
|xy| = |xσyσ| ≤ (epi|∆|1/2/2 + 2079)2. (8)
Comparing the two bounds, we again obtain a contradiction when |∆| ≥ 95.
Thus in any case |∆| ≤ 395, and the condition [G : H ] ≤ 2 can be verified
by a direct calculation using PARI.
5.1.2 The case ε = −1
Now assume that ε = −1 and let us prove that G = H. IfG 6= H then there exist
σ ∈ G such that xσ 6= x. We obtain the equality xyσ = xσy, with both xσ and y
not dominant. If one of them is not subdominant either, then we have bounds
of the form (5) and (6) for |xyσ|, leading to a contradiction when |∆| ≥ 396; for
the small |∆| it can be verified directly that G = H .
If both xσ and y are subdominant, then (xσ, y) is a point on Y0(4). Then
so is (x, yσ
−1
). We have xyσ
−1
= xσ
−1
y with both xσ
−1
and y not dominant.
Arguing as in Subsection 5.1.1, we bound |xyσ−1 | from below with the right-
hand side of (7), and |xσ−1y| from above by the right-hand side of (8), again
arriving to a contradiction when |∆| ≥ 95. Thus, in any case we have |∆| ≤ 395,
and for these small values of |∆| it can be verified that G = H using PARI.
5.2 Equal fundamental discriminants
Now let us assume that Dx = Dy = D, but fx 6= fy. We want to show that
G = H. We may assume that x is dominant and that fx > fy.
Assume that G 6= H . Then there exists σ ∈ G such that xσ 6= x. Then
also yσ 6= y. We have x/xσ = (y/yσ)ε, and, in particular, Q(x/xσ) = Q(y/yσ).
The result of Subsection 5.1.2 implies that Q(x, xσ) = Q(y, yσ). It follows that
K(x, xσ) = K(y, yσ), where we set K = Kx = Ky = Q(
√
D). Since the fields
K(x) and K(y) are Galois over Q, we obtain K(x) = K(y). Proposition 4.3
from [1] now implies1 that either h(∆x) = h(∆y) = 1, which is impossible be-
cause G 6= H, or fx/fy ∈ {2, 1, 1/2}. Since fx > fy, we have fx = 2fy.
In the sequel we denote ∆y = ∆ and ∆x = 4∆. Note that ∆ ≡ 1 mod 8,
see [4, Subsection 3.2.2]. This implies that there are no subdominant singular
moduli of discriminant 4∆, see [4, Proposition 2.6]. In particular, xσ is not
subdominant.
1To be precise, the hypothesis of Proposition 4.3 from [1] is (in our notation) Q(x) = Q(y),
which is formally stronger than K(x) = K(y). But in the proof of this proposition it is used
only that K(x) = K(y).
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We have
xy = xσyσ if ε = 1, xyσ = xσy if ε = −1. (9)
Since x is dominant, both left-hand sides in (9) can be bounded from below as
3000epi|∆x|
1/2
min{10−8, |∆y|−3} ≥ 3000e2pi|∆|
1/2
min{10−8, |∆|−3}
see [4], equation (12). Further, since xσ is neither dominant nor subdominant,
both right-hand sides in (9) can be estimated from above as
(epi|∆x|
1/2/3 + 2079)(epi|∆y|
1/2
+ 2079) ≤ (e2pi|∆|1/2/3 + 2079)(epi|∆|1/2 + 2079)
Comparing the lower and the upper estimates, we obtain a contradiction for
|∆| ≥ 99. For the remaining small values of ∆ the condition G = H can be
verified directly using PARI.
5.3 Distinct fundamental discriminants
Now assume that Dx 6= Dy. We argue exactly as in Subsection 4.3. If G 6= H
then there exists σ ∈ G such that xσ 6= x. For such σ we have x/xσ = (yσ/y)ε.
In particular, Q(x/xσ) = Q(y/yσ). The result of Subsection 5.1 implies that
Q(x, xσ) = Q(y, yσ), and we obtainQ(x) = Q(y) by Corollary 3.3. Hence our ∆x
and ∆y are listed in Table 2 on page 12 of [1]. For these values of ∆x and ∆y
the statement can be verified directly using PARI.
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